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The linearized hydrodynamic equations and the elastic part o f  the free energy density for a biaxial 
nematic liquid crystal are derived. The equations are then used to predict the attenuation of low 
frequency sound waves. 

I INTRODUCTION 

Recently, the existence of a biaxial nematic liquid crystal was experimentally 
verified by Yu and Saupe’ in  potassium laurate-I-decanol water mixtures. 
This is the first time such a phase has been observed in nature. 

From the theoretical point ofview, it has been predicted by mean field type 
 calculation^^-^ that molecules which differ appreciably from a “rod-like” 
shape by being “rectangular” or “ellipsoidal” in shape can exhibit this biaxial 
nematic phase as an expression of additional orientational order. While the 
uniaxial nematic phase is characterized by long range orientational order in 
one of the spatial directions,s the biaxial nematic phase is characterized by 
long range orientational order in two (hence all three) of the spatial directions. 
A biaxial nematic has rotational symmetry broken around three distinct axes. 
The discovery of such a phase provides the motivation for our hydrodynamic 
study. 

In Section 11 we discuss the broken symmetry and its relation to the hydro- 
dynamic variables, then derive the hydrodynamic equations appropriate for 
this phase. In  Section I11 we derive the attenuation of low frequency sound 
waves in terms of the dissipative parameters introduced in Section 11. Finally 
in Section IV we summarize our results and compare them with the independ- 
ent work of Brand and Pleiner.6 
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312 E. A. JACOBSEN and J. SWIFT 

II HYDRODYNAMICS 

The hydrodynamic variables associated with a biaxial nematic liquid crystal 
are those due to microscopic conservation laws and those arising from any 
continuous symmetries broken in the phase.’ The densities of the conserved 
quantities are the mass density p,  the momentum density gi, and the energy 
density c. In the fixed laboratory frame these satisfy the conservation 
equations 

I; + Vigi  = 0, (1) 

i i  +Vjur/ = 0, (2) 

(3) i + v. *. - I J  I - 0, 

where uu is the symmetric stress tensor? andfi is the energy current density. 
The Cartesian index i runs from 1 to 3 and a summation convention for re- 
peated indices is used. 

Variables corresponding to the continuous broken symmetries can be d e  
duced by considering fluctuations of the symmetric, traceless, local order pa- 
rameter for liquid crystals. The order parameter is proportional to the quad- 
rupolar term in the mass density’ 

(4) 

where rrk and mak are the coordinate and mass of the k& particle in the a* 
molecule, and I o i  is the location of the molecular center of mass. Assuming 
biaxial symmetry and averaging over molecular orientations we find 

(Rdr)) = Qdr) = S(r)[ni(r) n,(r) 
- Q 6v1 + t(r)[mi(r) mj(r) - l i ( r )  l/(r)l, ( 5 )  

where S(r) is a measure of the unixiality and t(r) is a measure of the biaxiality 
in Qv(r).$ The “uniaxial director” nl(r) and the “biaxial director” mi(r) are 
orthogonal unit vectors defining the local symmetry axes and li = cvkmjnk 

where tUk is the totally antisymmetric tensor. For the purposes of this paper we 
define nP, the equilibrium direction ofni, to be in the direction of the 3 axis and 
mP to be in the direction of the 2 axis. 

In the uniaxial nematic, long-wavelength fluctuations in two components of 
the order parameter, 6Qls and 6Q23,  have been shown to exhibit hydrody- 
namic behavior.” Subjecting the biaxial order parameter ( 5 )  to an identical 
analysis yields three low-frequency hydrodynamic variables for the biaxial 

Rv = mok [(TO‘ - T?i (TO‘ - r?, - &(rok - r?2] 6(r - r?, 

t I t  is always possible to chose a stress tensor such that uu = ujt.’ 

$ niQunj = ($)S(r); miQumj = fir) - (h)S(r). 
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HYDRODYNAMICS OF LIQUID CRYSTALS 313 

nematic phase: 6Q13, 8Q23, and a new variable 6Q12, which is associated with 
the additional broken rotational symmetry about the 3 axis. These can be rig- 
orously identified with fluctuations in the directors nl{r) and ml(r): 

(6) 

The equations of motion for the symmetry breaking variables can be written 

(7) 

(8) 

6n1 = 6 Q l J ( S  + 51, 6nz = 6Q21/(S - 51, 6 m 1 =  6Q12/25. 

rii + VjXiJ"' = 0, 

mi + vjxp = 0,  

where Xd"'and Xd")are the director currents. The two equations for the direc- 
tors contain only three independent components due to the orthonormality 
condition. In our convention; t i 3  = 0, = 0, and m3 = -&. The explict form 
of the linearized hydrodynamic equations has been calculated using the mi- 
croscopic approach of Forster et al., lo  and Martin, Parodi, and Pershan.* 

The existence of an equilibrium state with order parameter Qu implies we 
can construct a thermodynamic identity, valid in the laboratory frame, of the 
form 

T d ( p ~ )  = de - pdp - Vidgi - &) d(Vinj) - &Jm) d(Vimj), ( 9 )  

where Tis the temperature, s is the entropy density, p is the chemical potential, 
V i  is the velocity of the rest frame with respect to the lab frame, and the last 
term expresses the fact that spatial variations of ni(r) and mi(r) must relax with 
a frequency that goes to zero as the wave number of the disturbance goes to 
zero. The variables conjugate to Vin, and Vimj contain the elastic contribu- 
tions to the free energy and can be written 

4 t )  = K$ Vrnk K&F' Vrmk, (10) 

r#d'"' rl = K# Vrmk + Ki)Zm' Vrnk, (11) 

where K&, K&', and Ki)?;"' are the Frank elastic constants for the biaxial 
nematic phase.? Biaxial symmetry dictates that there be twelve invariants in 
the elastic part of the free energy density. They can be summarized in the fol- 
lowing expressions, 

K,lnd = ( K ~ f l ;  + K2m;m; + K3n;nP) $1; 
+ (K4fIP0 + Ksm,?mP + K&nP) mPm; + Klok$mimP (12) 

K$' = (K7fIP0 + Ksm,?mP + Km,?nP) $1; 

K$"" = KIlkm,?linP + K12mPCl;nP 

(13) 

(14) 

?See the appendix for a derivation of the elastic constants. 
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3 I4 E. A. JACOBSEN and J. SWIFT 

The reactive terms in hydrodynamic equations are those relating currents to 
densities possessing the same time-reversal symmetry. Using Galilean invar- 
iance and the isotropy of the liquid pressure,p, the linearized reactive parts of 
the mass current and the energy current are 

(gi)R = pvi (15) 

= (6 + p)vi, (16) 

and, 

respectively. Symmetry considerations similarly indicate that the reactive part 
of the director current is coupled to the momentum density. 

Evaluation of the Poisson bracket yields" 

(X$")R = - (h)[(Al + 1) nj'f; + (hi - 1) n;b] v , ~ P  
- ( i ) [ ( ~ 2  + 1) nj'm; + ( A Z  - 1) m;nl"] vrmP, (17) 

(18) (X,rn')" = - (h)[(A3 +1) mj'ff 4- (A3 - 1 )  lj'm;] v,fP 

where A I, A2, and A3 are reactive parameters analogous to the A introduced in 
Forster ef af. "The microscopic result above is in accord with the requirement 
that rii + eijknj'wk = 0 and t6 i  + eijkmj'wk = 0, where wi = (h)tijkajvk, for solid 
body rotation. The reactive part of the stress tensor can be calculated via the 
thermodynamic identities 

which follow from (9) in the absence of dissipation. It can be written 

(aij)R = (i)nP&+$' (Aih'fP + Azm;mP) 
+ (i)ak&') (h,m!$f; + A2nfm;n,") 
+ (i)IPak&)(nk"lP - nPfk") 
+ (!j)m,"ad$'(ni'm? - n7m)mko) 
+ (!jy;a&,m)(m)mkof? - mPlkO) 
+ (!j)n,"a&,m'(nk"mP - n:mko> 
+ [ij - j iJ  + Gijp. (21) 

Irreversible effects enter the equations of motion through the dissipative 
parts of the currents. They are 

&iID = 0, (22) 
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HYDRODYNAMICS OF LIQUID CRYSTALS 315 

(23) 
= rlifik"&) + r 2 m f m ~ & ) ,  (24) 

(gm))" = r3ifik"&) (25) 

+ D -  Oi) - -KIIlfl'dj(8T) - ~2zrnfrn;a,(8T) - ~33ni"n,"a,(8T), 

(aii)" = -1YIj'UXql + mk"m,"772 + nk"n,"r13)Akr 
-mYmj'(lk"l,"772 + mi'm,"774 + nk"n,"vs)Ak, 
-nYnj'(lk"l,"q3 + mkom,"r]s + ntn,"r/6)Akr 
-2(lPmj' + lj'mY)lkom,"r]~kr 
-2(IYnj' + lj'nY)li'n,"qdkr 
-2(mYnj' + mj'nP)mk"n,Orldkr, (26) 

where Akr = (h) (dkvr + drvk). The invariants of the dissipative part of the stress 
tensor given above are equivalent to the viscosities of a biaxial crystal." This 
completes our derivation of the hydrodynamics, a summary and discussion 
are given in Section IV. 

111 ACOUSTIC ATTENUATION 

The attenuation of the longitudinal part of the propagating sound mode has 
been calculated in terms of the dissipative parameters derived in Section 11. 
The attenuation constant is found to depend on the angle + between the p rop  
agation direction and the "uniaxial director" ni, and the angle 8 between the 
propagation direction and the "biaxial director" mi in the following way: 

2 w 
a=- [vl  sin2 e + v4 cos' e + (776 - 711) cos2 c t ~  

c3p0 

where the 77's are the viscosities introduced in Section 11, c is the speed of 
sound, po is the equilibrium mass density, and cv and c,, are the constant vol- 
ume and pressure specific heats. 

IV CONCLUSION 

We have shown that rotational symmetry breaking results in three independ- 
ent hydrodynamic variables for a biaxial nematic liquid crystal. The linearized 
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316 E. A. JACOBSEN and J. SWIFT 

hydrodynamic equations were then derived using the microscopic order pa- 
rameter for this biaxial phase. Our results are in agreement with a preprint of 
work done by Brand and Pleiner6 on the nonlinear aspects of biaxial liquid 
crystals. While they report 15 different invariants in the free energy density for 
a biaxial nematic liquid crystal, in the linear limit, three of their invariants can 
be eliminated via surface terms due to the commutativity of infinitesimal rota- 
tions. The twelve remaining invariants are equivalent to the set we report. 

The attenuation of low frequency sound waves was then calculated in terms 
of the dissipative parameters of our hydrodynamic equations. It was found 
that the attenuation constant depends on both the angle 4 between the direc- 
tion of propagation and the uniaxial director ni, and the angle 8 between the 
direction of propagation and the biaxial director mi. 
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APPENDIX 

The elastic part of the free energy density can, in general, be written as a quad- 
ratic function of the spatial derivatives of the order parameter:" 

F ~ I  = &/ dx E"kr8bslViQkVrQsr. (28) 

General symmetry considerations imply that E0krsr be invariant under the fol- 
lowing operations 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
40

 2
1 

Fe
br

ua
ry

 2
01

3 



HYDRODYNAMICS OF LIQUID CRYSTALS 317 

1)j - k or s - t ,  

2) ijk - rst, 
3)  i - r. 

Biaxiality imposes the additional restriction that the free energy density be in- 
variant under 

4) x - -x, 

5 )  Y - 7. 
6) I - -I. 

The resulting twelve invariants can been written in terms of the spatial deriva- 
tives of ni(r) and mi(r); 

F ~ I  = h /  BX {Kt'r VjniVrnk + @!VjmiVrmk 
+ @!!? (VjniVrmk + vjmivrnk)). (29) 
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